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The propagation of orientation waves in nematics placed in a constant magnetic field 
and excited by pulsed magnetic fields of finite sizes is studied. It is shown that in the 
geometries of the experiment and allowing for the emergence of back-flow, formation 
of soliton solutions is simplified in comparison with the case when back-flow is absent. 

The non-linear dynamics of liquid crystals have recently been ex- 
tensively investigated. The interest in these problem is accounted for 
in part by the satisfactory state of development of linearised treat- 
ments of liquid crystal dynamics. Further motivation has been pro- 
vided by experimental results which have recently been obtained in 
a number of laboratories and which cannot be explained in the frame- 
work of these linear theories. 

At present a great number of liquid crystals, with widely differing 
physical properties have been synthesized. This wide range of vari- 
ations of their characteristic parameters provides a unique opportu- 
nity for studying non-linear effects. 

The dynamics of the director in a nematic liquid crystal in a mag- 
netic field in the linear approximation have been dealt with by a 
number of authors and the results are well known (see refs. 1, 2 and 
references therein). 

In ref. 3, the high-frequency dynamics of the nematic director have 
been computed in a magnetic field. However, in this work the authors 
have confined themselves to the case of homogeneous motion, i.e., 

tPresented at the Tenth International Liquid Crystal Conference, York, July 
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354 V. G .  KAMENSKY 

they have not touched upon spatial effects. It is nevertheless of in- 
terest to study the dynamics of the director with spatial dependences 
taken into account, in particular since the experimental data point to 
their importance. In ref. 4, for example, the authors have experi- 
mentally investigated propagation of the director waves in a nematic 
under uniform shear. It has been found that in the sample in the 
direction of the flow there occur alternating domains with the or- 
thogonal orientation of the director. A qualitative theory constructed 
for the description of the results of this experiment5 accounts for the 
observed picture by emergence of soliton solutions in the director 
wave propagation. This explanation seems fairly reasonable. 

Possibilities of soliton solutio'ns for orientation waves in membranes 
have been qualitatively discussed.6 The author has solved' the prob- 
lem of propagation of orientation twist waves in a nematic placed in 
a constant uniform magnetic field Hand  excited by a pulsed magnetic 
field h in the geometry shown in Figure la .  It has been shown that 
for certain values of the parameters of the system soliton solutions 
may occur as kinks, antikinks, or breathers depending on the initial 
conditions of the problem. For this problem to be solved it is im- 
portant that in the above geometry there is no bulk motion of the 
nematic, i.e., there is no back-flow affecting the motion of the di- 
rector. 

FIGURE Possible geometries of the experiment and the form of the sample 
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ORIENTATION WAVES IN NEMATICS 355 

Another important feature of this study is the assumption that the 
parameter y11H(~aJ)1'2, where y1 is the viscosity coefficient, x. is the 
anisotropic part of the magnetic susceptibility, J is the inertia moment 
of the director, is small. This assumption imposes certain constraints 
upon the quantities H and J at which a soliton solution is existent. 

This paper aims at studying propagation of orientation waves in 
geometries shown in Figures lb ,  lc,  i.e., in the cases when back flows 
must necessarily be taken into account. A similar linear problem has 
been s ~ l v e d , ~ . ~  but the non-linear case investigated here also differs 
from that8s9 in the boundary conditions considered. 

We assume that the coupling of the nematic to the boundary sur- 
faces of the crystal is small and that the size of the sample is sufficiently 
large, so that the effects caused by these surfaces influence the ori- 
entation of the director and the motion of molecules only in a narrow 
region near the boundaries. These assumptions render the problem 
uniform with respect to the axes Y and X. 

Equations for the dynamics of a nematic, derived by Ericksen and 
Leslie" are well known. For the director n the equation of motion 
is written as 

J- n- = [nf] - [nR] 
dt [ dd:] 

where f is a volume 
dissipative force. 

force bringing n to the equilibrium value; R is a 

In the derivation of this equation it has been borne in mind that 

The forces f and R are determined by the expressions [ 11 
n2 = 1 and that the director changes only its orientation. 

f = K,V(divn) - K,[(n rotn)rotn + rot(n(n rotn))] + 

+ K3 {rot[n[n rotn]] - [rotn[n rotn]]} + Xa(Hn)H, (2) 

v is the velocity of the substance, y1 and y2 are viscosity coefficients, 
K ,  are Frank constants. 
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356 V. G. KAMENSKY 

By virtue of the uniformity of the problem and the incompressibility 
conditions div v = 0, the only non-zero components of the tensor 
A, are A,, = A, = 1/2(av,/ay). 

Writing down the director n in the form n = (0, c o d ,  sine) in the 
case of Figure l b  and n = (0, sine, cose) in the case of Figure lc,  
where 8 is the angle of the deviation of the director from its equilib- 
rium, and confining ourselves to one-constant approximation, we find 
that 

Ji j  - Kcp” - X,[(h2 - H2)sincp + 2Hh coscp] 

av 
aY + r14 + -,(y1 + y2coscp) = 0 (3’) 

J i j  - Kcp” - X,[(h2 - HL)sincp + 2Hh coscp] 

+ y14 - -(y1 av, - y2 coscp) = 0 (3”) aY 
respectively, where cp = 28. 

A qualitative consideration of these equations at small angles cp 
reveals that the last terms of these equations affect their solutions 
differently. In the first case (avJay) is multiplied by the small coef- 
ficient y1 + y2 << yl,  in the second case - by y1 - y2 = 2y1. 

For a more accurate solution let us write out the Navier-Stokes 
equations for the both cases 

av, 1 a C)=-- 
4 ar 

ay at 
av 

(a5 + a6 + y2)2 - y2- 
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ORIENTATION WAVES IN NEMATICS 357 

respectively. Here ai are Leslie coefficients. It is clear that the solution 
of the system of equations (3) and (4) is a complicated task and can 
hardly be found analytically. Therefore it is interesting to study at 
least qualitatively the influence of the last term of Eqs. (3) upon 
soliton solutions. Below we shall assume that soliton solutions of (3) 
exist and shall make an attempt at finding the appropriate solutions 
of Eqs. (4). The substitution of these solutions into (3) will give us 
an idea of tendencies of the soliton solution behaviour with back- 
flow taken into account. 

The solution7 of Eq. (1) has been considered for the case of absence 
of back-flow and in the assumption that the parameter - y 1 / H ( ~ J ) 1 ’ 2  
e 1. 

Eq. (1) is then written as 

a2q a2q acp H 2 - h 2  2h 
sinq - - cosq = 0 

H +q-+- ( 5 )  
aT2 at2 a7 H2 

where q = y , /H(xaJ)’“  is the effective damping, T = tH(xa/J)”*, 
5 = yH(xa/K)”* .  

Generally speaking, for nematics the value of q in the region of 
mean magnetic fields - lo2 - lo3 Oe and the molecular value of J 
are not small. However, for fields - 104-1050e, y1 - lO-*P, 
x a  - CGSE units, the condition q < 1 can be fulfilled for 
J - 10e8g/cm. The quantity q can become small in the region of the 
nematic-isotropic liquid transition where the coefficient y1 tends to 
zero. 

Conventionally Eq. (5) is linearized and the inertial term J(a2q/at2) 
is omitted, since it is asserted that J is determined by molecular 
characteristics and is small ( J  - 10-14g/cm). So far the value of J has 
not been obtained experimentally. 

It is possible to assume that new kinds of nematics with more inertial 
molecules will be synthesized. In particular, inertial effects may prove 
important for the study of lyotropic liquid crystals where nematic 
order is determined by large clusters of molecules. 

Initially the velocity of the deviation of the director from its equi- 
librium is taken to be uniform (Figure la)  in a limited region of the 
XZ plane which must have sufficiently sharp boundary in the Y di- 
rection. Subsequently, this perturbation will start propagating in the 
Y direction and the problem will still be effectively uniform if the 
influence of the boundaries of the sample is ignored. 
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358 V. G .  KAMENSKY 

If we completely neglect dissipation effects, Eq. ( 5 )  reduces to the 
Sine-Gordon equation with the initial conditions: 

Then by the inverse scattering method1’,l2 depending on the initial 
conditions and the parameters of the system, solutions of Eq. ( 5 )  can 
be found. In particular, it has been shown that at 

where R = [ (h2 - H 2 ) ~ a / . l ] 1 / 2  and rp is the duration of the pulse of 
the exciting field h; in the system there emerge solitons of the types 
of breathers and kink-antikink pairs. A number of emerging solitons 
and their characteristics (propagation velocity, characteristic size) 
have also been calculated as functions of the parameters of the system. 

In particular, in the case when kink-antikink pairs are created, the 
solution is: 

(1 - v y  1 ’ 5 - 50, - VnT cpn = 4 arc tg exp 

where E sets the form of the soliton (kink at E = -1, antikink at 
E = l), n is the number of a soliton, V ,  = r;l (r;  - 1)’12 is the 
velocity of the n-th soliton, Eon is the initial coordinate of a soliton 
and t, is the appropriate solution of the equation: 

The influence of the dissipative term q(a(p/&) can then be taken 
into account according to the perturbation theory.13 The results of 
the work7 have been briefly covered here, since, as will be shown 
below, in the presence of back-flow the problem is effectively reduced 
to the solution of Eq. (5). 

We shall assume, as before,’ that q < 1. Apparently, if the deriv- 
ative (av,/ag) has no singularities and by the order of magnitude 
coincides with (dcp/&), the solution for cp will coincide with the solution 
obtained7 with the accuracy up to corrections determined by means 
of the perturbation theory. 
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ORIENTATION WAVES IN NEMATICS 359 

The scheme of further speculations is as follows: assuming that the 
dissipative term in the first equation of the system (3’””) is small in 
comparison with the remaining terms, we shall obtain the expression 
for V,(Y,T)  and by inserting it into the equation for cp, we shall make 
sure that our assumption is justified. 

Consider the system of equations (3‘””) at time f ,  close to zero, 
when cp G 1. In terms of dimensionless variables 6, T, it is 

Here u = v ( J / K ) ” ~ ,  = (y2 2 yI/yl), k1,2 = 2(a, + a5 + a3 2 

The second equation of the system can be written as an inhomo- 
Y2)/Y1, u1.2 = +Y2h19 6 = 4 P K h , H W .  

geneous diffusion equation 

where a2 = (pJ6) and the source term f(6, T) = (pi/6)(a2cp/a@~). 
The solution of Eq.  (8) with the appropriate initial condition 
U,(T = 0) = 0 and boundary conditions u,( k m ,  T )  = 0 is: 

For further study it is necessary to find the dependence (a2cp/d@T) on 
a 6 and T .  In the zero approximation with respect to q (i.e., when 
the dissipative term is neglected) the first equation of the system is 
a well-known telegraph equation with the initial conditions: 

Cp(& 0) = 0 
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360 V. G. KAMENSKY 

The solution of this equation satisfying the indicated initial conditions 
can be easily found and has the form 

2 ~ ,  sin ke sin (T  m) 
exp (ikodk kv- 

As we are interested in the quantity ( d 2 q / a T a S ) ,  we first calculate 

aq 2p0 sin ke s i n ( . r m )  _ -  - exp(ik5)dk (10) vF7-l 
Performing the integration in Eq. (10) and differentiating the result 
over T ,  we get for 7 e t? 

0 at remaining 5 

here J ,  is a Bessel function of the first kind of order 1. This form of 
( d 2 q / d T  a[) is a consequence of implying that the initial condition for 
( d c p l h )  at T = 0 has been set in the form of a step-like function. The 
“signal” propagates on either side from the edges with a unit velocity 
and occupies a region of the size 27, symmetric with respect to the 
points + e .  

Thus, variation of aq/& takes place only in the above-mentioned 
regions. Between them the initial value of ( a q / a T )  = 2F0 is retained, 
whereas in the regions outside them ( a q / d T )  = 0. 

In principle, the insertion of Eq. (11) into Eq. (9) and subsequent 
differentiation over 5, yields the solution of the problem. However, 
for our purposes qualitative considerations are sufficient. As follows 
from the form of (a*q/aTa[), the characteristic time of variation of 
the source T~ in the Eq. (8) is of the order of e ;  the characteristic 
time over which the velocity u, is established is: T~ - ez/uz. Assuming 
that C - 1, which corresponds to soliton creation, and taking into 
account that u % 1 even at r) 5 1, we get T~ G T ~ .  This means that 
the velocity u, immediately adjusts to variations of the source, i.e., 
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ORIENTATION WAVES IN NEMATICS 36 1 

inertia is absent. Hence it follows from Eq. (8) that (au,/aT) -e 
f (5, T )  and, consequently 

Inserting this expression into Eq. (7) for cp ,  we find that the dissipative 
term has the form qeff (acp/aT) 

where 

So far we have treated the case T << e ,  which corresponds to the 
chosen approximation cp + 1. It is possible to obtain expressions, 
analogous to (11)  for T - C also. The fact that in this case Eqs. (3), 
(3’) will involve sin cp but not cp as in the case of Eq. (7), will only 
simplify the situation. The fact that smooth functions of cp stand before 
(au,lag) and (a(p/&r) in the Navier-Stokes equations, preserves the 
validity of the assertion concerning the characteristic times. Therefore 
as a result, for the effective viscosity coefficient qeff we have 

Since for all cp qetf 6 q it is possible to conclude that the presence of 
back-flow simplifies soliton creation in the system and at q < 1 the 
results previously given’ are applicable to the case under study. 
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